In this letter, we report on the thermal tunability of a spherical THz WGMR made of low loss silicon. While thermal tuning is unsuitable for ultra-fast applications, it conveniently allows broadband tuning of the WGM resonance frequencies over tens of resonance linewidths. 4, 5 The latter is particularly appealing for broadband switches and filters, but also sensors, when the WGM resonance frequency can be tuned to specific absorption lines in the THz frequency range. The thermal tuning of the THz WGM resonance frequencies is a consequence of the temperature dependent optical path length of the WGMs.
Furthermore, we extract the refractive index and thermooptic coefficient (TOC) of silicon in the THz frequency range using the THz WGMR. The highly accurate material characterization, using WGMRs, has already been very successfully established in the optical and microwave domain [6] [7] [8] and is an excellent alternative for standard THz time-domain spectroscopy (THz-TDS) material characterization.
The spherical resonator is made of high resistivity float zone grown (HRFZ) Si with a resistivity >10 kX cm. The low material absorption and nearly frequency independent refractive index in the frequency range from 0.5 THz to 2 THz render HRFZ-Si an excellent choice for the implementation of high-Q THz WGMRs. 9 The diameter of the WGMR is calculated as 3.9974 6 4 Â 10 À4 mm (density of silicon: 2.329037 6 1 Â 10 À6 g/cm 3 ), 10 after weighing the WGMR with a scale with 0.1 mg accuracy. Measurements with a micrometer with a precision of 1 lm did not reveal deviations from a perfect sphere. The HRFZ-Si sphere is mounted on top of an aluminum post with a concave top, ensuring good thermal contact. The diameter of the post is small compared to the WGMR in order to avoid distortions of the WGMs.
Evanescent coupling of the WGMs is achieved with a single mode air-silica step-index waveguide with a diameter of 200 lm. The polarization of the THz radiation is parallel to the surface of the WGMR, and therefore, only transversal electric (TE) WGMs are excited. The difference in material refractive indices of the waveguide and the WGMR leads to the excitation of higher order radial WGMs as described in our previous publication. 1 However, as discussed below, the radial order of the excited WGMs is irrelevant for the demonstration of the thermal tunability and the extraction of the TOC of the resonator material.
The WGMs are experimentally characterized with tunable coherent CW-THz spectroscopy based on heterodyne detection (Toptica TeraScan 1550 nm). 11 The THz radiation is collimated and focused with specially developed symmetric-pass polymer lenses. 12 A detailed description of the setup is presented in our previous publication. 1 The instantaneous amplitude (envelope) and instantaneous phase of the detected oscillating photocurrent are obtained via a Hilbert transformation. 13 The amplitude and phase profile of the investigated THz WGMs are obtained by calculating the ratio of the envelops and the difference of the instantaneous phases, respectively, of two subsequent scans with and without WGMR in close proximity to the waveguide. The setup is mounted inside a shielded environment to minimize potential temperature fluctuations of the ambient temperature in the temperature controlled laboratory.
The experimentally obtained results are supported with calculations based on Mie-Debye-Aden-Kerker (MDAK) theory.
14 Given the diameter of the WGMR and the experimentally obtained free-spectral ranges (FSRs), MDAK theory facilitates the unambiguous identification of the observed WGMs. 1 Moreover, this method allows us to accurately determine the material refractive index of the resonator material, and energy distribution of the WGMs, as demonstrated below.
Heating of the WGMR is achieved via Joule heating of the aluminum post. To measure the temperature of the WGMR, a fine gauge exposed welded tip (diameter %0. Published by AIP Publishing. 113, 011101-1 the sphere, where the sphere is mounted on the aluminum post. In order to compensate for a temperature deviation caused by the small contact area between the WGMR and the TC, great care has been taken to calibrate the TC. For the calibration, the mount of the WGMR is submerged in a temperature controlled water bath, and the water temperature is simultaneously measured with a Si-based temperature sensor (specified accuracy of <1 K) and a mercury thermometer. The Si-based temperature sensor and the mercury thermometer are in agreement within 0.5 K in the temperature range of interest. Assuming that the water bath, the aluminum post, and the WGMR have the same isotropic temperature distribution in equilibrium, the TC readings are corrected to the water bath temperature. The assumption is motivated by the large thermal conductivities of aluminum and the HRFZ-Si, respectively. 15 FEM simulations with the open source software ElmerFEM confirm that in the temperature range of interest, the temperature difference between the aluminum post and the HRFZ-Si sphere is less than 1 K. Furthermore, the FEM simulations confirm the isotropic temperature distribution within the HRFZ-Si sphere. We are confident that the temperature calibration provides an accuracy of better than <2 K in the temperature range from 295 K to 363 K. The precision of the TC temperature reading is better than 0.1 K. Please note that TC readings above 363 K are extrapolated based on the linear calibration obtained at lower temperatures. Also note that the latter only applies for the measurements at 408 K shown in Fig. 1(c) . Figure 1 demonstrates the thermal tunability of the investigated THz WGMs in the frequency range from 650 GHz to 666 GHz. Figure 1(a) shows the intensity profile of the HRFZ-Si WGMR at 295 K. The intensity profile reveals the presence of five higher order radial WGM families. Hereby, a mode family refers to WGMs with the same number of nodes in the radial direction. The 13th and 14th higher order radial mode families are labeled for convenience, and their FSR is indicated with the black horizontal arrows in Fig. 1(a) . The subscripts p, q, and l in the nomenclature TE p,q,l refer to the number of nodes along the circumference, the radial direction, and the azimuthal direction of the WGMR, respectively. The last index l is always 0, since higher order azimuthal WGMS are degenerate in a perfect sphere. 16 The WGM families are identified using the measured phase profile of the THz WGMs and calculations based on MDAK theory. The mode identification procedure is described in detail in our previous publication. 1 Please note that all higher order radial WGM families can be critically coupled. Therefore, for a continuous tunability of the WGMR, it is sufficient to shift the resonances by about 3.2 GHz, according to the largest gap between the TE 38,13,0 WGM (highlighted in red in Fig. 1 ) and the TE 35,14,0 WGM (highlighted in blue in Fig. 1). Figures 1(b) and 1(c) show the intensity profile at 348 K and 408 K, respectively. The red and blue ticks on the frequency axis demonstrate the resonance frequencies of the TE 38,13,0 WGM and TE 35,14,0 WGM at 295 K, while the red arrow indicates the frequency shift of the TE 38,13,0 WGM. In Fig. 1(c) , the TE 38,13,0 WGM is red shifted by about 3.2 GHz (about 80 linewidths), demonstrating the continuous tunability of the HRFZ-Si THz WGMR. While the maximum tuning temperature of 408 K might fail the requirements for specific applications, it only just exceeds the maximum working temperature of integrated circuits. Ultimately, the maximum operating temperature and the WGMR design are governed by the specific application.
The Q-factor of the TE 38,13,0 WGM at 659 GHz is 1.7 Â 10 4 at critical coupling. The Q-factor was found to be temperature independent from 295 K to 383 K, indicating that the thermal tuning does not degrade the Q-factor of the HRFZ-Si THz WGMR in this temperature and frequency range. The change in Q-factor evident from Fig. 1 is a consequence of the frequency dependent coupling strength of the WGMs in Figs. 1(a)-1(c) . For a detailed analysis of the temperature tunability of the HRFZ-Si THz WGMR, we measure the frequency shift Df of two WGMs at 659 GHz (TE 38,13,0 WGM) and at 459 GHz (TE 26,9,0 WGM) in temperature steps of 5 K from 295 K (DT ¼ 0 K) to 363 K (DT ¼ 68 K). The measurements are shown in Fig. 2(a) with black dots for the TE 38,13,0 WGM and blue dots for the TE 26,9,0 WGM. The measurements follow a linear trend with a slope of 29.1 MHz/K at 659 GHz (black dots) and 19.5 MHz/K at 459 GHz (red dots). The slope at 659 GHz is about 1.4 times steeper compared to 459 GHz, since the frequency shift scales with the resonance frequency at 295 K as discussed below [see Eq.
(1)]. Please note that the frequency shifts are recorded at weak coupling (large waveguide-WGMR distance) of the THz WGMs to minimize a red shift due to the presence of the waveguide material in the surrounding of the WGMR. 17 Finally, from the measurements presented in Fig. 2(a) , we extract the TOC of the HRFZ-Si resonator material at 659 GHz and 459 GHz in the temperature range from 295 K to 363 K. The temperature dependent frequency shift of the resonance frequency can be described with
with f 0 the resonance frequency and material refractive index n of HRFZ-Si at 295 K. The TOC is defined as a ¼ @n/@T, and b ¼ (1/r)@r/@T is the linear thermal expansion coefficient. Equation (1) is obtained by differentiating 2pn eff r eff f ¼ Nc, the condition for constructive interference of a wave traveling inside the spherical dielectric resonator, with r eff the effective radius of the WGM, n eff the effective refractive index of the mode, N a positive integer, c the speed of light, and f the resonance frequency. n eff can be described as n eff ¼ fn þ (1 À f)n air , with f and 1 À f the percentage of the energy of the WGM in the HRFZ-Si WGMR and the surrounding air, respectively. f is obtained from the MDAK theory calculations. For the TE 38,13,0 WGM f ¼ 0.9862, while for the TE 26,9,0 WGM f ¼ 0.9792. Furthermore, to obtain Eq. (1) @n air /@T ¼ 0 is assumed. Please note that n air ¼ 1 is assumed for the data analysis. Finally, the effective radius of the WGM is given via r eff ¼ Wr, with W a constant and r the temperature dependent resonator radius. Please note that changes of W over the investigated temperature range are insignificant as found with MDAK simulations. Consequently, the temperature dependence of W is neglected in Eq. (1). Please note that Eq. (1) considers the larger evanescent fields of the higher order radial WGMs compared to the fundamental mode. Therefore, Eq. (1) is also fully applicable for the higher order radial modes present in this experiment. The temperature dependent linear thermal expansion coefficient b of crystalline silicon is included in Eq. (1), 18 as it cannot be neglected for an accurate analysis of a. In order to obtain the TOCs, we fit Eq. (1) to the measurements shown in Fig. 2(a) . We assume a temperature independent a, as any variations across the investigated temperature range appear to be within the uncertainty of this method.
The material refractive index n at 295 K in Eq. (1) is determined by comparing the experimentally obtained FSRs of the TE 38,13,0 WGM and TE 37,13,0 WGM and TE 26,9,0 WGM and TE 25,9,0 WGM, respectively, with calculations from MDAK theory. In the calculations, the material refractive index n is optimized until the calculated FSR is within the uncertainty of <10 MHz of the experimentally determined FSR, including the uncertainty in the diameter of the WGMR. The extracted material refractive indices of HRFZSi at 295 K at 659 GHz and 459 GHz are 3.414 6 0.004 and 3.416 6 0.004, respectively. The results are in excellent agreement with previously established results and also confirm HRFZ-Si as a nearly dispersion free material in the THz frequency range. 9 However, the determined material refractive indices have a much higher precision than previously reported values obtained from THz-TDS. Refractive indices extracted from THz-TDS are reported to vary significantly depending on the experimental technique and data analysis. 19 The high precision, using the THz WGMR, is achievable due to the very high relative frequency resolution of <4 MHz of the CW-THz spectroscopy system. 20 However, a prerequisite is the well known geometry of the analyzed WGMR. Please note that a comparison of the resonance frequencies of the WGMs with the MDAK calculations reveals an absolute frequency resolution of the CW-THz spectroscopy system of <1 GHz. This is in excellent agreement with the specified absolute frequency resolution of <1 GHz. 11 Finally, we plot the relative frequency shift Df/f 0 as a function of the temperature shift DT in Fig. 2(b , respectively. 23 The uncertainty of about 4% in a is mainly given by the accuracy of about 2 K of the temperature calibration, since n and f 0 are well known. The obtained material refractive indices and TOCs of HRFZ-Si at 459 GHz and 659 GHz are summarized in Table I . In order to verify the experimentally determined thermal tuning Df(DT), we use the extracted TOCs in the MDAK calculations and calculate the frequency shift for each DT in the experiment. The calculations are shown with red and orange triangles for the TE 38,13,0 WGM and TE 26,9,0 WGM, respectively. The calculated frequency shifts are in excellent agreement with the measurements, confirming the experimental results.
In conclusion, we presented a comprehensive investigation of continuously thermal tuning of a HRFZ-Si THz WGMR. The demonstrated tunability and the extracted thermo-optic coefficients are indispensable for the implementation of thermally tunable HRFZ-Si THz WGMR devices. As a proof of concept, we realized a continuously tunable HRFZ-Si THz WGMR in the frequency range from 650 GHz to 666 GHz. We also demonstrated the material characterization of HRFZ-Si, using a THz WGMR, as an extremely precise method with the potential to easily surpass the traditional methods for material characterization of solids. 
